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IN MEMORY OF EDWIN F. BECKENBACH 
In the development of the theory of inequalities the Holder inequality 
and its generalization (or/and extensions) have attracted considerable 
attention of many investigators (see, e.g., [3,4, 61). A usual form of the 
Holder inequality can be given as follows: For any positive vectors 
x = (x,, . ..) x,) and Y = (Y,, . . . . y,) and for any nonzero real p, q with p > I, 
the inequality is 
IIXYII, Q IIX lip II y/l,, p- ’ +q--‘= 1 
(where (IxII,= (CT= I x,!‘)““, etc.) With equality iff 
(1) 
xp=cyl’, j = 1) . ..) n, (2) 
for some c. The sign of inequality in (1) is reversed if p < 1. 
Natural variants of the inequality (1) are given in [l, 7, 8): For any 
positive vectors x and y and for any nonzero reals p, q, r with p -’ + q .- I = 
r -I, the inequality is 
II XY II r G II x Ilp II Y II y3 P, 4, r; P, -9, -r>O (3) 
with equality iff (2) holds. The sign of inequality in (3) is reversed if p, -9, 
r; -P, -q, -r>O. 
One of the most interesting generalizations of the Holder inequality (1) 
due to E. F. Beckenbach was proved as Theorem 1 given on page 24 of [2] 
by a method of multidimensional analysis. This generalization is now 
known as the Beckenbach inequality (see Iwamoto and Wang [S], 
Mitrinovic [6], and Wang [9-111 also). We now cite two theorems 
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concerning Beckenbach inequality from Wang [ 11, p. 5701 in a slightly 
modified manner for our purpose as follows. 
THEOREM 1. Let positive reals a, fi, A, B, k,, m + 1 d j 6 n, 0 < m < n he 
given and let p and q satisfy p ~ ’ + q ~ ’ = 1. Then for p > 1, then Beckenbach 
inequality 
where 
(4) 
and 
jJ 
I/P 
xi” 
j=m+l > :‘( 
aB+/I i kjxi 
.j=m+ I > 
d, = ( Aki/B)Y’P, m+l<j<n, (5) 
holds for all nonnegative x,+ , , . . . . x,. The sign of inequality in (4) is rever- 
sed for 0 <p < 1. In either case, the sign of equality holds iff 
xj = d,, m+lQjdn. (6) 
THEOREM 2. Let positive reals a, j, A, B and a positive continuous 
function k defined on the positive part of the real line be given and let p and q 
satisfy p .- I + q - I = 1. Then for p > 1, the inequality 
G(f) > G(k), (7) 
where 
and 
h(t)= [Ak(t)/B]Y’P, O<t<T, (8) 
holds for any continuous function f on 0 Q t -C T < 00. The sign of inequality 
in (7) is reversed for 0 < p < 1. In either case, the sign of equality holds iff f is 
a constant function. 
Theorem 1 has been proved by the functional equation approach of 
dynamic programming [9] and the method of applying the convexity of a 
real fuction of several variables [lo], while Theorem 2, which is the con- 
tinuous version of Theorem 1, has been proved by the differentiability and 
convexity of nonlinear positive functionals [ 1 l] and the continuous 
dynamic programming approach [S]. In fact, both theorems can be proved 
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in a unified manner by a direct use of the usual Holder inequality, this 
is a major purpose of this paper. Instead of so proving Theorems 1 and 2 
directly, we first present their variants as follows: 
THEOREM 3. Let positive reals a, fi, A, B, k,, m + 1 <j d n, 0 < m < n, be 
given and let nonzero p, q, r satisfy p ~ ’ + q- ’ = r - ‘. Then for p, q, r; p, - q, 
- r > 0, the inequality 
where 
H(x) 3 H(d), (9) 
f xi” 
j=m+l 
I”‘/[ UB’ + /3 f 
j=m+ I 
(x,kj)‘]‘l’ 
and dj are given in (5), holds for ail nonnegative x, + 1, . . . . x,. The sign of 
inequality in (9) is reversedfor p, -4, r; -p, -9, -r > 0. In either case, the 
sign of equality holds tff (6) holds. 
THEOREM 4. Let positive reals ~1, p, A, B and a positive continuous 
function k defined on the positive part of the real line be given and let non- 
zero p, q, r satisfy p-‘+q-‘=rr’. Then for p, q, r; p, -4, -r>O, the 
inequality 
K(f) b K(h), (10) 
where 
and h(t) is given in (8), holds for any continuous function f on 0 6 t < T< co. 
The sign of inequality in (10) is reversed for p, -4, r; -p, -4, -r > 0. In 
either case, the sign of equality holds tff f is a constant function. 
It should be noted that four cases for Theorem 3 (or Theorem 4) can be 
transliterated not only from one another but also from the usual Holder 
inequality (1) (or from its continuous counterpart) (see, e.g., [ 1, 7, 81). In 
addition, the method for establishing the discrete version of the Holder 
inequality can also be used to establish its continuous version (see, e.g., 
[3, 4, 61). For these reasons, as a demonstration, we only establish the 
inequality (9) for the case p, q, r > 0 as follows: Setting 
i (x,k,) 
1 
l/r 
j=m+l 
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and 
and using the inequality (3) (with pP1 + q-’ = r-l), we have 
u(x) = (a’/PA’lP)’ (a’IYB/A’/P)’ 
[ 
+ f (/P”Xj) (fl”4kj)’ 
‘11 
j=m+l 1 <tl(x)[...]"Y = u(x)(A/~')Yh" [. ] '/'/(A/B')+ [. ]'lP 
=4x) 4l44 (11) 
(where [...I= [a(B/A1’p)y+fi~J’=m+l k;],) which is (9) by a simple trans- 
position. Moreover, the sign of equality in (11) holds iff 
(P”pxn)p 
(al/qB/Al/P)4= (jjlh7km+,)4= . ..= (B’hk,)” 
which is equivalent to (5). And the inequality (9) is thus established. 
Remarks. Obviously, Theorems 1 and 2 are special cases of Theorems 3 
and 4, respectively, for Y = 1. Other variants of the Beckenbach inequality 
(4) can be easily envisioned in association with the Lyapunov inequality 
(see, e.g., [S, p. 5551). As inequalities can be established by optimization 
(or mathematical programming) approach, inequalities can in turn be used 
to establish mathematical programming problems in a unified manner (see, 
e.g., [12-141 for a comparison). 
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